In the present note I state certain theorems on the irreducible representations of the symmetric group in the hope that they may lighten the labors of those carrying out theoretical investigations in nuclear physics. A detailed discussion of these results will, it is planned, appear later in the American Journal of Mathematics. of that irreducible representation D(X1, X2, . . X.) of the symmetric group on n letters which is associated with the partition Xi + X2 + * * * + )k = n of n, (Xi ) X2 > .. A >°) and by a = (a,, ... ,) the class containing al unary cycles, a2 binary cycles, a3 ternary cycles and so on (ai + 2a2 + 3a3 + .. . + nax = n) then construction of the character tables of the symmetric group. In the complete form of statement all characters of the symmetric group on n letters may be calculated from the, supposed known, characters of the symmetric groups on m < n letters save the characters of the class con-taining one cycle on n letters. Fortunately for the force of the theorem these characters are trivially evident; all being zero save In -k, 1, 1, . . . 1 } which equals ( 1)k, k = 0, 1, . .. n -1. Furthermore a repeated application of the theorem reduces the determination of the characters of a class for which cal * 0 to that of the dimensions (= characters of the unit class) of representations of the symmetric group on al letters; and for these the convenient formula of Frobenius is available. E.g., suppose we wish to calculate the characters of the symmetric group on n = 20 letters corresponding to the class containing a, = 12 unary cycles and a8 = 1 cycle on 8 letters. As an illustration consider the representation D(9, 6, 3, 2). Applying our theorem with p = 8 we obtain 19,6,3,21}a = {1,6, 3, 21,, + 19, 2,3, 21a#+ 19, 6, -5, 21,i + 19, 6, 3, -6 a', where a' is the unit class (i.e., that one consisting of the unit permutation, which contains 12 unary cycles) of the symmetric group on 12 letters. The two terms at the end are dropped (the second from the end because 19, 6, -5, 2} = -9, 6, 1, -4} = 0). The first term is dropped because the third member 3 of the partition is bigger by two units than the first member 1. The only remaining term, the second, transforms thus:
19, -2, 3,2 = -19, 2,-1, 21 = 19, 2, 1,01 = 9, 2, 1} and so the desired character is the dimension of the -representation D(9, 2, 1) of the symmetric group on 12 letters, namely, 12! 10. 8. 2/11! 3! = 320.
THEOREM 2. We denote by A(X1, X2, ... X) the reducible representation of the symmetric group on n letters which is associated with the partition (Xl, X2, . ..X.) of n, i.e., the representation by means of the permutation matrices furnished by the cosets of that subgroup which permutes the first Xi letters, the second X2 letters, ... and so on amongst themselves. Then it is well known that A(X, X2) = D(X1, X2) + D(X1 + 1, 2-1) + D(Xi + 2, X2 -2) + . . ., there being X2 terms in the summation on the right. The present theorem extends this result from the case k = 2 to a general value of k. We shall merely state the theorem for k = 3, the general mode of procedure being then clear (we shall illustrate by means of an example for which k = 4). Denote by 2(Xi, X2) the summation on the right of the expression for A(X1, X2) and by (y, 2(X1, X2)) As an example of the method when k = 4 consider the representation A(3, 2, 2, 1), of dimension 1680, of the symmetric group on 8 letters. For the first group of terms we simply prefix a 3 to the partitions in the formula, given above, for A(2, 2, 1). For the next group of terms, where we increase the first member 3 of the partition to 4, we have to deal with (2, 1, 1) twice and (2, 2) once (it being allowable to write all the derived partitions of n -(Xi + 1) = 4 in normal descending order). For the next group, in which we increase the 3 to 5 we have to deal with (2, 1) four times and (1, 1, 1) once. For the next group, in which 3 is increased to 6 we have to deal with (1, 1) three times and (2) twice; and then when the 3 is increased to 7 we have to deal with (1) three times. Finally, when the 3 is increased to 8 we have to deal with (0) once (bringing into light the fact that the identity representation is contained once in each and every reducible representation A(X1, X2, . . . Xj)). We Then ( It is hoped that these illustrations will point the method to the interested reader. The A group whose order is less than 2' can obviously not have as many as m independent generators. If it has m -1 independent generators its order is at least as large as 2"' -, and when it is of this order it is abelian and of type l'-. If its order exceeds 2' -1 but is less than 2"' and it has m -1 independent generators the number of prime factors in its order is m -1 and hence its order is 3.2m-2, m > 1. When m = 2 it is the group
